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QUASI-GEOSTROPHIC EQUATION WITH LARGE DISPERSIVE 
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{^JQ' Abstract. We consider the 2D quasi-geostrophic equation with supercritical dis- 

^ , sipation and dispersive forcing in the whole space. When the dispersive amplitude 

' parameter is large enough, we prove the global well-posedness of strong solution to 

the equation with large initial data. We also show the strong convergence result as the 
amplitude parameter goes to oo. Both results rely on the Strichartz-type estimates 
for the corresponding linear equation. 
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1. Introduction 



< 

I In this paper we consider the following 2D whole-space supercritical dissipative quasi- 

geostrophic (QG) equation with a dispersive forcing term 

'dte + u-V9 + i/|D|"6l + Au2 = 0, 

! where x G M^, a G]0, 1[, i' > 0, A > 0, TZi = -di\D\^'^ {i = 1,2) is the usual 

I Riesz transform, and the fractional differential operator jZ?!" is defined via the Fourier 

OO ' transform 

2 : \DFfio = 

Here is a real-valued scalar function that can be interpreted as a buoyancy field, A is 
the amplitude parameter. This equation (jl.ip is a simplified model from the geostrophic 
fluid dynamics and describes the evolution of a surface buoyancy in the presence of an 
K> I environmental horizontal buoyancy gradient (cf. |15j). Prom the physical viewpoint, 
■ the background buoyancy gradient generates dispersive waves, and thus the equation 
()l.ip provides a model for the interaction between waves and turbulent motions in the 
2D framework. 

When ^ = 0, the equation (jl.lj) reduces to the known 2D dissipative quasi-geostrophic 
equation, which also arises from the geostrophic fluid dynamics (cf. [IS^IS]) and recently 
has attracted intense attention of many mathematicians (cf. [H [22l [101 O HI El El 
[T2l ini [11] and references therein) . According to the scaling transformation and the L°° 
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maximum principle (cf. [10]). the cases a > 1, a = 1 and a < 1 are referred to as 
subcritical, critical and supercritical cases respectively. Up to now, the subcritical and 
critical cases have been intensively studied. For the delicate critical case, the issue of 
global regularity was independently solved by [18] and [4j. Kiselev et al in [18] proved 
the global well-posedness for the periodic smooth data by developing a new method 
called the nonlocal maximum principle method. Almost at the same time and from a 
totally different direction, Caffarelli and Vasseur in [3] established the global regularity 
of weak solutions by deeply exploiting the DeGiorgi's iteration method. However, in 
the supercritical case whether solutions remain globally regular or not is a remarkable 
open problem. There are only some partial results, for instance: local well-posedness 
for large initial data and global well-posedness for small initial data concerning strong 
solutions (e.g. [171 HI IS]) and the eventual regularity of the global weak solutions 

(e.g. mm)- 

The equation (jl.ip is analogous to the 3D Navier-Stokes equation with Coriolis forc- 
ing, which is a basic model of oceanography and meteorology dealing with large-scale 
phenomena (cf. [6]), 

dtu + u ■ Vu - vAu + VP + X u = 0, 
divM = 0, u\t=o = uo, 

where 63 = (0, 0, 1), e denotes the Rossby number and u = (^1,^2,^3) is the unknown. 
So far, it is known that global well-posedness of strong solutions to the 3D Navier- 
Stokes equations only holds for small initial data. But in the case of the 3D Navier- 
Stokes-Coriolis system (jl.2p . when e is small enough, the presence of fast rotating term 
produces a stabilization effect and ensures the global well-posedness of strong solution 
with large initial data. This result was shown by Babin et al [B [2] and also by Gallagher 
[13] in the case of non-resonant periodic domains. For the case of whole space, it was 
proved by Chemin et al [5j through establishing the Strichartz-type estimates of the 
corresponding linearized system. By modifying the method of [5j, Ngo in [2lJ moreover 
studied the case of small viscosity, i.e., u = with /3 g]0,/3o] and some /3q > 0, 
and proved the global existence of strong solution as e small enough. The asymptotic 
behavior of weak solutions in the weak or strong sense as e goes to was also considered 
by Chemin, Gallagher and their collaborators (cf. [14^ [6]). and they showed that the 
limiting equation in the whole space (in general) is the 2D Navier-Stokes equations 
with the velocity field u three components (not two) 

dtu + Uh ■ V^u - i^AhU + (V^P, 0) = 0, 
divuh = 0, u\t=o = uo, 

where Uh = (ui, M2), Ah = + 9| and = (9i, ^2). 

For the dispersive dissipative QG equation (|l.ip . Kiselev and Nazarov in [19] con- 
sidered the critical case of ^ > and a = 1, and by applying the nonlocal maximum 
principle method they proved the existence of global and regular solutions. Note that 
in their proof, the dispersive term always plays a negative role. 

In this paper we mainly focus on the dispersive dissipative QG equation (11. ip in the 
case of the supercritical regime a < 1 and A large enough. Motivated by the results of 
the 3D Navier-Stokes-Coriolis equations, we shall develop the Strichartz-type estimate 
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of the corresponding 2D linear equation to prove the global well-posedness of strong 
solution to (ll.ip with large initial data. We shall also show a strong convergence result. 
Before stating our main results, we first give some classical uniform existence results. 

Proposition 1.1. Let Oq € L'^{M?) be a 2D real-valued scalar function. Then there 
exists a global weak solution 9 (in the sense of distributions) to the dispersive dissipa- 
tive quasi-geostrophic equation (jl.ip . which also satisfies the following energy estimate, 
uniformly in A, 

\m\\l, + 2u n\\D\'ie{T)\\lAT<ml2, yt>o. 

Jo 

Moreover if Oq € i^^^"(M^), then there is a time T > independent of A such that 
9 G C([0,r];i72-") nL2([0,r];i/2-"/2) 

with the norm independent of A, and all solutions to coincide with 9 on [0,T]. In 
particular, an absolute constant c > can be chosen such that if \\9o\\f{2-a < cu, then 
the solution becomes global in time. 

Remark 1.2. Since for every s G M, = \DY9 and = 9{S^)d{-£,), we know 

that 

[ \D\"JZi9{x)\D\'9{x)dx = {\D\'TZi9,\D\'9)l2 = - [ i6IC!^'"^l%)Pde = 0, 

(1.4) 

thus the dispersive term does not contribute to the energy-type estimates. Therefore the 
proof of Proposition li.il is almost identical to the corresponding classical proof for the 
supercritical dissipative QG equation, and we omit it here (cf. \12 \ \n \ [71 112] ). 

Now we consider the asymptotic behavior of the equation (II. ID as A tends to infinity. 
This is reasonable since all bounds in the above statement are independent of A. In 
what follows we shall also denote by 9"^ the solutions in Proposition 11.11 to emphasize 
the dependence of A. The convergence result is as follows. 

Theorem 1.3. Let 9q{x) = 9q{x2) + 9q{x), with 9q € ifi""(M) be a ID real-valued 
scalar function and 9q € L^(]R^) be a 2D real-valued scalar function. Assume that 
9{t,X2) is the unique solution of the following linear equation 

dt9 + v\D2r9 = Q, 9{id,X2) = Hx2)- (1.5) 

Then there exists a global weak solution 9^ to the dispersive dissipative quasi-geostrophic 
equation (II. ip . Furthermore, for every a g]2, gr^^i and for every T > 0, we have 

lim / \\9'^{t)-9{t)\\l.dt = Q. (1.6) 

Next we consider the strong solutions, and we prove the following global result. 

Theorem 1.4. Let 9o{x) £ H'^~°'{E?) be a 2D real-valued scalar function, then there 
exists a positive number Aq such that for every A > Aq, the dispersive dissipative quasi- 
geostrophic equation (jl.ip has a unique global solution 9^ satisfying 9^ G C(R+; H'^-°' {R'^))n 
L^(]R"'"; ij^~"/^(]R^)). Moreover, if we denote by 9^ the solution of the following linear 
dispersive dissipative equation 

dt9^ + u\D\''9^ + Ani9'^ = 0, 9%=o = 9o, (1.7) 
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then as A goes to infinity, 



(1.8) 



The proofs of both Theorem ll.3l and Theorem ll.4l are strongly based on the Strichartz- 
type estimate for the corresponding hnear equation (II. 7p . which is the target of the 
whole section [3l The Fourier localization method and the para-differential calculus are 
also heavily used in the proof of Theorem 11.41 and for clarity we place some needed 
commutator estimates and product estimates in the Appendix section. The proofs of 
Theorem 11.31 and Theorem ll.4l are settled in Section [J] and Section [5] respectively. 

Remark 1.5. The Strichartz-type estimate for the corresponding linear equation de- 
pends on the basic dispersive estimate, which is stated in Lemma \3.3\ below. Compared 
with the dispersive estimate in the case of the 3D Navier- Stokes- Coriolis equations (cf. 
Lemma 5.2 in |6jj, Lemma \3.3\ is much more delicate and the value (precisely, the 
argument) of z is more involved in the proof. The main reason is that the equation 
considered here is two-dimensional, and the lower dimension makes it harder to to de- 
velop the expected dispersive estimate. This can be further justified if we try to derive 
the dispersive estimate of the "anisotropic" kernel function, i.e., the kernel function as 
follows 



with Z2 € M, n > and ^ defined by (13. 5p . and we find that it is rather difficult to 
obtain the needed dispersive estimate. Notice that the suitable dispersive estimate for 
p.9p will essentially be used if one treats the general data 9q{x) = 6q{x2) + Oq{x) in 
Theorem \1.4\ 

Remark 1.6. It is interesting to note that the limiting equation (jl.Sp is analogous to 
the 2D Navier- Stokes equation (jl.3p . and one can expect that the equation will play a 
similar role in other situations. 



In this preparatory section, we introduce some notations and present the definitions 
and some related results of the Sobolev spaces and Besov spaces. 

Some notations used in this paper are listed as follows, 
o Throughout this paper, C stands for a constant which may be different from line to 
line. We sometimes use A < B instead of yl < CB, and use A B instead of 

A<C(l3,'y,---)B, with C(/3, 7, • • • ) a constant depending on /3, 7, • • • . 
o Denote by I'(M") the space of test functions which are smooth functions with compact 
support, 5(M'^) the Schwartz space of rapidly decreasing smooth functions, 5'(M"') 
the space of tempered distributions, S' {W^)/V{W^) the quotient space of tempered 
distributions up to polynomials. 

o Tf or / denotes the Fourier transform, that is Tf{^) = /(O = f^n e~^^'^f{x)dx, 
while J-~^f the inverse Fourier transform, namely, J-~^f{x) = (27r)~" e"''^/(^)d^ 
(if there is no ambiguity, we sometimes omit (27r)^"' for brevity). 

o Denote by {f,g)L'^ = j^n f {x)g{x)dx the inner product of the Hilbert space L^(M"). 
o Denote by B{x,r) the ball in R" centered at x with radius r. 




(1.9) 



2. Preliminaries 
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Now we give the definition of (L^-based) Sobolev space. For s € M, the inhomoge- 
neous Sobolev space 

H'^ife cS'(M"); WfWh ^ / (1 + mVm'dC < ooj. 

Also one can define the corresponding homogeneous space: 

H-'^\fe 5'(M")/P(M"); 11/11^, ^ / \^nm?d^ < ooj 

In order to define the Besov spaces, we need the following dyadic partition of unity (cf. 
[3]). Choose two nonnegative radial functions Q-, ijj ^ P(M") be supported respectively 
in the bah G R'^ : |^| < |} and the sheh S M" : f < |C| < §} such that 

For all / G 5'(M"'), we define the nonhomogeneous Littlewood-Paley operators 

And the homogeneous Littlewood-Paley operators can be defined as follows 

Then we introduce the definition of Besov spaces . Let (p, r) G [l,cx3]^, s G M, the 
nonhomogeneous Besov space 

= {/ e 5'(M"); ll/b. „ ^ ||{2^-«||A,/b4,>_i||,,. < oo} 

and the homogeneous space 

B;^, ^ {/ G II/II^.^^ ^ ||{2^'^||A,/bpbez||^.(z) < oo}. 

We point out that for all s G M, B^ ^ = and 13^2 = ■ 

Next we introduce two kinds of space-time Besov spaces. The first one is the classical 
space-time Besov space L''([0, T], 5^^^,), abbreviated by L^Bp^., which is the set of 
tempered distribution / such that 

- llll{2^1|Ai/||Lp}j>-i||r ||LP{[o,r]) < oo- 

The second one is the Chemin-Lerner's mixed space-time Besov space L^([0, T], i?* ,,), 
abbreviated by L'^B^ ^., which is the set of tempered distribution / satisfying 

ll/lljp^. ^||{2«^||A,/||iP^,},>„i||,,. <oo. 

Due to Minkowiski's inequality, we immediately obtain 

L^Bp j. ^ L^Bp .^, if r > p and L^Bp .^ ^ L'^B^ r, if p > r. 

These can similarly extend to the homogeneous one Li^Bp^ and Lf^Bp^.. 

Bernstein's inequality is very fundmental in the analysis involving Besov spaces. 
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Lemma 2.1. Let a,b,p,q be positive numbers satisfying < a < b < oo and 1 <p < 
q < oo, k > 0, X > and f € LP(M") with n G Z"*". Then there exist absolute positive 
constants C and c such that 

if supp/ C XB^iC: 1^1 < Xb} =^ m'^fh.^^n) < CA'=+"^^|)||/||iP(Mn), 

and 

if supp/ C XC^{C:aX< \C\ < bX} =^ cA'^||/||lp(M") < || V||lp(M") < CX^WfU.iRny 
When A; G N, similar estimates hold if is replaced by sup|^|^^ 9'''. 

3. StRICHARTZ-TYPE estimates for the CORRESPONDING LINEAR EQUATION 

This section is devoted to derive the Strichartz-type estimates of the following linear 
dispersive dissipative equation 

dte + u\D\'-e + Anie = f, ^^^^ 

9\t=o = Go- 

Applying the Fourier transformation (in the spatial variable only) to the upper equa- 
tion, we get 

d^e + u\i\4-Ai^^e = f, 

0\t=Q = Oq. 

Furthermore, 

Jo 

Thus by setting 
with 

«(0 = 6/1^1, 

we have ^ 

m = g^{t)h + I g^{t - T)/(r)dr. (3.2) 
Jo 

Hence, it reduces to consider the Strichartz-type estimate of Q^{t)g, and because the 
phase function a(^) is somewhat "singular" , we shall study the case when g is supported 
in the set Br^R for some < r < i?, with 

Sr,R = {CeM2: 161 >r, \i\<R}. 

The main result of this section is as follows. 

Proposition 3.1. Let r, R be two positive numbers satisfying r < R, and g € L'^{M?) 
satisfying supp g C Br^R. Then for every p € [l,cx3] and q € [2,oo], there exists an 
absolute constant C = Cr^R,p,q,u such that 

11^ (05'IIlp{R+;L9{R2)) < Cvl «^||c/||l2(k2). (3.3) 

Proposition 13.11 combined with (j3.2p and Minkowiski's inequality (cf. ()4.8p below) 
implies the following Strichartz-type estimates for the linear system (j3.ip . 
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Corollary 3.2. Let r, R he two positive numbers satisfying r < R. Assume that 
9o G L2(M2) and f G {R+ ; L"^ {R"^)) satisfying that 

supp(9o U (Ut>o supp/(t, •)) CBr,R, 



and 6 solves the corresponding linear dispersive equation (13. ip . Then for every p G 
[l,oo] and q G [2,oo], there exists an absolute constant C = Cr,R,p,g,u such that 



In order to prove Proposition 13. H we introduce the following kernel function 



\LP(R+;Lim'^)) - ^"''^ ''^(|1^o|1l2(k2) + ||/||ii(K+.^2(iR2))). 



K{t,fx,z) 



^iC)e 



i^lai()+iz■(-ut\C\°' 



(3.4) 



where t > 0, ^ > 0, z G ^ G V{R^) is a smooth cut-off function such that ^' = 1 
on Br,R and is supported in Bl^2Ri and for instance we can explicitly define 



2|6 



(3.5) 



with X £ ^(] ~ 2, 2[) satisfying xi^) = 1 for \x\ < 1. 

As a first step, we show the following basic dispersive estimate of K. 

Lemma 3.3. Let r, R be two positive numbers satisfying r < R, and K be defined by 
(j3.4p . Then there exists an absolute constant C = Cr^R such that for every z G M^, 

1 



\K{t, ^, z)\ < C mm{l, II ije 



Proof of Lemma \3.!A We shall use the method of stationary phase to show this formula. 
Denoting by 



^^,z)^S7^[a{0 + --C 



with 



-^2)Ci); we introduce the following differential operator 

ld-i^{C,z) ■ Vg 



1 + /.|<1>(C,Z)|2 ' 

and we see that /3e*^"^^)"'"*^''> = e*^°'(^)+*^'^. From integration by parts, we have 
K{t,ix,z)= [ e''^'^«)+^^-«/:*(^'(Oe-'^*l«l")d^, 



where is given by 
1 



t A 



1 + iV • $ 



1 + ^I<1>(^,Z)|2 

Since ^ is supported in Bz 2R1 we find 



Id + 



i + /.i<i>(e,z)|2' 



\V^{i,z) 



V 



<1 



thus 



1 + zV • $ 



1 + 
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bmce G D(R2) satisfying jV^-l < i, we infer that 

|V(^(Oe~'^*l«l")| < iVM'le-^*!^!" + lvI/l(i.tlere-'^*l«l"/2)l^|-ie--*l5l"/2 

r 

If |$(^, z)! > 1, this is the case of nonstationary phase, and collecting the upper esti- 
mates and noting that < 1 + ^|<5p, we have 

\C\me-'''\^n\ < ^min{l,/.-V2}e-*^V4. 

This further yields 

\K{t,n,z)\ < [ |/:*(vl.(0e-'^*l«l")|de < ^min{l,/.-V2}e-*.V4. 

If |<I>(^,2:)| < 1, this corresponds to the case of stationary case and is more delicate. 
Gathering the necessary estimates at above, we have 

and it further leads to 

\K{t,f,,z)\ < ^e-'^"!' [ I dg. (3.6) 

For the case z = 0, we see that $(^,0) = and |$(^, 0)| = jl^, thus 

r> f2R 1 r2 

r2 Jq 1 + /uC|/(4i?2) r2 

For every ^ G '^§,2-R and z € \ {0}, we have the following orthogonal decomposition 

where = = 

- ^ • e^, and C^,^ = C ' e^". 
Noting that = {—iz,±)(^z + we have 



e2^.,± , kK„ 6e.,iL± > l^2iie 



H --^e 



and thus for ()3.6p . it reduces to consider the following integral 



-'r/2,2J? 

With no loss of generality, we assume that z = \z\ez = |z|(cos sin 0) with (p E [0, 
Then for every ^ = (^i, ^2), we have y = • = ^1 cos (/> + ^2 sin 0, thus if ^1^2 > 0, 
we observe that 

eiii > cos^ (/> + ^2 sin2 <^ > min{^2^ eii- 
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Hence 



2' 

2R 



- l + /.e|mm{r2/4,ei}/(8i?3)'^^' 

r -R^/^ 1 1 ~i 

< min|i?^,max{ /x"2,i?'''/^/i"4}|. 

Now we only need to treat the following integral 

moreover, it suffices to bound the formula from above that for every G [0,7r/2], 



/O r2R 
-2RJr/2 1 



/2 1 + COS + 6 Sin 4>f/m^) 

2R r2R 



d^id^: 



2 



Jo Jr/2 1 



r/2 1 + /^CKCi COS ^-^2 Sin .^)2/(8i23) 



We shall divide into several cases according to (p. First for the endpoint case ^ = 0, we 
directly have 



2R r2R 



r2R 1 

-^^7o l + /xCi(rV4)/(8i?3)^^2 



< Rinr^R'r-^ / -^d6 < (3. 



If (p is close to so that ^ cos cp — 2Rsiyi(p > |cos^, that is, (p g]0, arctan(^)], we 
similarly obtain 



2B c'iR 



""^''^^-Jo 1,2 i+,e2ircosmvm^f^'''^' 
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For every cj) G [arctan(^), |], if ^2 £ [0,r/4], we find that ^1—^2 tsaicf) > § — | tan(f ) = 
J, thus we get 



f2R r2R 



~^7o l + )"^i(i)V(16i?=^)'^^'^A X/2 1 + tiiimi - 6 tan V(16i?)3 
^ At" 2 +-R / ^ d£i < Li"2. 

(3.10) 

For the other endpoint case = 7r/2, we directly obtain 

_ „ /•2R f2R /■ 1 

(3.11) 

Now we consider the case G [00, 7r/2[, where 0o € [ti"/^, 7r/2[ is a number chosen later. 
Noticing that 

_ I-2R p2R 1 

io ir/2 l + //^2(6cot0-^2)V(16i?3) 

and ^1 > r/2, if ,^2 < (cot (p)r/4:, we observe that ^1 cot 4> — ^2 > (cot (t)){r/'i) > 0, thus 

^ " L 1/2 1 + /x^KCi cot - 6)7(i6i?3) "^^^"^^^ 

rjCot(f> 

- Jo l + /xe|(cot<^)2(r/4)V(16i?3)'^^2 



^ -RV^ /• 64fl3/2 1 ~ 

~r/iV2cot0yo l + ll 



/ „7 _i 8i?3/4 ///2r2(cot(/))2x 
< RiLL 4 — — arctan -7- . 

Since lim^^o+ '^''^^'^^^'^ ^ = lima;_j,o+ = 0, there exists an absolute positive constant 
Co such that for every x g]0, cq], we get ^'^'^^^^^^ ) < i. Thus in order to find some 
00 € , |[ satisfying ^sR^/^^'^°^ < co, we only need to choose 



0o^ma.{|,arctan(^^)}, 
then for every G [^o, 7i"/2[, we have 
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If ^2 > 4i? cot 0, then we find that [^i cot </> - ^2] > ^2 - 2i? cot cp > ^2/2, thus 

/•oo f-2R -1 
11= / . , .... r— ^TT77T7r7^d6dC2 



i + ^ei(ei cot 6)7(16/23) 



- Jo l + /ue2V(64i?3) 
If C2 G [(cot 0)r/4, 4i2cot (j)], noting that cot < cot 4)^ < 8coii=^/-^ ^-i/4^ j^^^^^ 



^^^= / / . , .9.. r^^T977T7:7^d6de2 

Jr(cot(/>)/4 Jr/2 

R^^'^ 1 

< (2i?)(4i?cot(/.) < ;U-4, 



4_Rcot()i /.2R Y 



12 l + /iCi(6cot(/<-6)V(16i?3) 
r 

Hence in the case of € [(/>o,vr/2[, we have 



(l))<I + II + III< /i- 4 . (3.13) 

r 

Finally it remains to consider the case G [7r/4, 0o]- Also noticing that (|3.12p and 
> ^/2, if ^^2 < ^(cot 0o)/4, we know that ^ cot </> — ^ > (?^/2) cot (/)o — r(cot ^o)/4 = 
r(cot i?i>o) /4, and combining with the fact that r cot i?!>o = min{r, 8coi23/4^-i/4|^ -^g have 

|.r(cot(^o)/4 ^2R 



70 Jr/2 i + Mei(eicot</.-e2)V(i6i?3) 

-^^7o 1 + /iei(min{r/4, 2coi23/4^-i/4})2/(i6^3) ^"^^ 
,^5/2 



<max|— — /i 2,i?^/V 



r 

Otherwise, if ^ > r(cot0o)/4 = min{r /4,2coR^^^n~^^^}, we infer that 

|>2i?, /.2_R -j^ 

7 r(cot </>o)/4 7 r/2 

1 + ^^1(6 cot 0-6)7(16/23) 

< / — de2 

- l + /i(r(cot 00)74)2^27(16/23) 

< max 1^^^ — ii^/'^/i^^j. 

Therefore in the case of G [7r/4, ^o], we have 

.d5/2 ^ 

//(/i,0) <Ii+l2<max|— -/i-2,i?7/4^-4|. (3.14) 
This finishes the proof of this Lemma. □ 

Next we are devoted to proving Proposition 13.11 based on Lemma 
Proof of Proposition \3.1[ Noting that 

g^{t)g{x) = I ^(05(e)e^^*"(«)-'^*i«i"+^^-«de 

= K{t,At,-)*g{x), 
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where K is defined by (|3.4p . we apply Lemma 13.31 to obtain 

On the other hand, by the Planchrel theorem, we find 

\\S''it)g\\Ll<e-^^^'/^gh2. 

Thus from interpolation, we have the following dispersive estimates that for every 
q e [2,00] and t G M+, 



9\\l^ 



(3.15) 



WG^miLl = \\K{t,At,-)*g{x)hi <r,R {Aty 

where q' = is the dual number of q. 

Now we shall use a classical duality method, also called as TT*-method, to show the 
expected estimates. For every q G [2,(X)], denoting by 

Ug^We P(E+ X : |!(^||ioo(K+.i,'(K2)) < 1}, 

we have 



I^^(05'IIli(r+;L'j) = sup / {g^{t)g{x),ip{t, 

ipeUg JR + 

5(e)^(0e*^*"(«)-^*l«l'^^(t,0dtde 



sup 

IfiGUq 



< \\9\\l2 sup 



r2 



By virtue of the Plancherel theorem, the Holder inequality and p.lSp . we obtain 

[ [ (K{t + T,{t-T)A,-)*^{T,x),{T-^^)*^{t,x)) drdt 
Jr+ Jo ^ / ■C'i 

+ / / ({J^'^'^) * v{r,x),K{t + t,{t - t)A,-) * ip{t,x)) drdt 

Jr+ Jt ^ ' 



<a 



r,R 



1 



q-2 
4g 



)2 - T, 

Since for every q G [2,oo], if GUg and 

1 



t - T 



' e 4 — drdt < a 



we get 



q-2 



\G it)9\\L^{R+;Li) ^r,R,q,u A ^iWgWii, VgG[2,oo] 
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By the Bernstein inequality and the Plancherel theorem, we also have 

\\S'^it)g\\L'^(K+-Li) \\G'^{t)9\\L^{M+;L2) WqWl'^- 
From interpolation, we infer that for every p € [1, oo] and q G [2, oo] 

A 1 g-2 

\\0 (t) aW LP iR+ -M) ^r,R,q,p,u A 8p i ||c/||i2. 



□ 



4. Proof of Theorem 11.31 



This section is dedicated to the proof of the global existence and convergence of weak 
solutions to the dispersive dissipative quasi-geostrophic equation (II. ip . 

Since 6{t, X2) solving (jl.Sp is globally and uniquely defined, we only need to consider 
the difference Q"^{t,x) = 9^{t,x) — 9{t,X2), with the associated difference equation 
formally given by 

idtQ^ + (7^^G^) • Ve^ - (W) diQ^ + i/|Z)|°e^ + A{TZiQ^) = -{TZiS^) 826, 
\Q\Q,x)=h{x), 

(4.1) 

where 1-i is the usual Hilbert transform in Note that we have used the following 
facts that di9 = 0, TliO = {-\D\-^di)e = and 

7^20» = e-«( - i^)|(^2)<5(^i)de = i|H_)%)de2 = 'He{x2), 

and 

with 5{-) the Dirac-5 function. 

4.1. Existence of solutions to the perturbed equation (|4.1|) . We first consider 
the a priori estimates. By taking the inner product of ()4.ip with 0"^, integration 
by parts, and from (|1.4p and the fact that V • (TZ^Q^) = and di{'H9{x2)) = 0, we get 



1 d 
2dt^ 



&^it)\\h + i^lll'D|^e^(i)||!2 = - [ nie^{t,x)d2eit,x2) ■ e^(t,x)dx. 

JM2 



2 



From the Holder inequality, Sobolev embedding {H 2 (M) ^ L 1-" (M)) and the Calderon- 
Zygmund theorem, we obtain 

^:^l|0^Wlli2 +HII^I^0^W|li2 < ||7^le^(^)||^2,2/a-.,||a2e"(^)||^2/.||e^(^)||^2 

<c\\\D2\^e^{t)\\^,\\d2m\\Ly4&^mL^ 
<c\\\D\fe^{t)\\^,\\d2m\\rv4e^{t)\y- 

Using the Young inequality, we further have 
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Gronwall's inequality ensures that 

WQ^mh+i^ r||G^(r)||^^dr<||0^||i.exp{^|lMli2^2/.}- 



• 1 — q: 2 

From the Sobolev embedding (i7^~(M) ^ L~(M)) and the energy-type estimate of 
the Hnear dissipative equation ()1.5p . we find 

||52^||^2^2/a ^ ll^ll^2^3/2-«/2 £ II ^0 1 1 ^3/2-,. • (4.2) 

Hence, we finahy obtain that for every t G 

\\@^mh + ^f^ ||e^(r)|||.dr < ll^^olli^ exp {^||0"o||^3/2-.}- M 

Next we sketch the proof of the global existence of solution to (j4.ip . We have the 
following approximate system 

dtQf + (7^^e^) • VG^ - {nee) diQ^ + z^|D|"e^ + a{tziQ^) - eAe^ = -(7^lG^) d2e,, 
dte, + u\D2fe, = {), 

(4.4) 

where (pe{x) = e '^ip{x/e) and 99 € V{E?) satisfies J^2^ = 1, <^e(a^2) = e ^'^{x2l^ 
and G ©(R) satisfies /jg = 1. Let m > 2 and m € Z"*", and fix e > 0. Since 



dissipation, from the standard energy method we find that for all T > 



¥'e*^o||H™ II^o||l2 and ||<^e * ^oIIh™ ||^o||l2 , and since —eAQ^ is the subcritical 

^2 ^2 



sup \\&t{t)\\H"^ < C(e,r,(/3,(^, ||^o||l2, II^'oIIlO- 
ie[o,T] 

This estimate combined with a Galerkin approximation process yields the global exis- 
tence of a strong solution (G^, 9e) to (j4.4p . Furthermore, from (j4.3p and the estimation 
llv'e * /ll/f^ < ll/ll/f^) Vs G M, we have the uniform energy inequality with respect to e 
that for all T > 

I|0^'(r)lli2 +U r \\et{s)\\%^ds <\\ip,* OoWh ^w{^We * Oo\\l,/2-A 

Jo ^'^ J (4.5) 

< ||^0|li2eXp|--2||^0||^3/2-a}. 

Hence this ensures that, up to a subsequence, G^ converges weakly (or weakly-*) to 
a function G"^ in L'^L? n L'^H"^/'^. Similarly as the case of the dissipative quasi- 
geostrophic equation, from the compactness argument, we further get that as e tends 
to 0, 



^ G^, 
7^JG^^7^JQ^,j = l,2, 



strongly in L^([0, T]; Lf„,(M^)). 



Since S H^/^ °(R), it is clear to see that 6^ strongly converges to 6* = e '^^'^^Ig/g 
L°°([0, T]; i?i~"(R)) . Therefore we can pass to the limit in (|4.4p to show that G^ is a 
weak solution of (14.11). 
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4.2. Proof of ()1.6p . Now we show the strong convergence of by using the Strichartz- 
type estimate (j3.3p . To this end, we introduce the following cutoff operator 

Ir,R = IrMD) = X{\D\/R) (Id - x{\Di\/r)), (4.6) 

where < r < R and x £ T)(M.) satisfies that xi^) = 1 foi' l^^l ^ 1 find X is compactly 
supported in {x : \x\ < 2}. Then for the term Ir^nQ^, we have the following estimation 
(with its proof placed in the end of this subsection). 

Lemma 4.1. Let r, R be two positive numbers satisfying r < R. Then for every T > 
and a e]2,oo[, there exists an absolute constant C depending onr,R,T,(T,v, |l^o||^3-a 
and ||^o||l2 but independent of A such that 

l|2^r,iJ0'^||L2([O,T];L<'(IR2)) < CA^^''^~^\ (4.7) 

Now we consider the contribution from the part of high frequency and the part of low 
frequency in ^i. From the Sobolev embedding, Berenstein inequality and the energy 
estimate (j4.3p . we get for every a G [2, gr^l; 

A\ 



||(Id - xm/R))Q''\\L^(W+;L''m) ^ - x(|i?l/i?))e^||^.(K+;i^l-2/^(R2)) 

< i?-(t+f-i)||(id - x(|D|/fl))e^||^,(^^^^. 



<i? U 2 i||0o|[^2exp|-2||eo|l:^3/2-.|- 



Also thanks to the Bernstein inequality (in x\ and X2 separately), we find that for every 
T > and 0- G]2,oo], 

||x(|I?i|/r)x(|I?|/i?)e^||i2(ro,Tl:L^(R2)) <r^r(^^)i?^^||G^ 



L2([0,T];L'^(R2)) ;i J 2 ' 2 <^'^2 a ||l°°([0,T];L2( 

<T,fl r2~a||^o||^2 exp|--2||^o||^3/2-«|- 
Collecting the upper estimates, we have that for every ^, r, fi, T > and a g]2, 23^[) 
I|0^IIl2([O,T];L-(IR2)) < CqR~^^~^^ + CR,Tr5"- + (7^"T^(^~-\ 

where C depends on r,R,T, ||^o||l2 and ||(9o||ji^3/2-q but not on A. Hence, passing A to 
CO, then r to and then to oo yields the desired estimate (|1.6p . 
At last it suffices to prove Lemma |4.1[ 



Proof of Lemma \4-l\ By virtue of Duhamel's formula, we have 

Ir,R&^=G^{t)Ir,ROo " fo^it - t) Z,,^(7^^e^ • VG^)(r)dr 

Jo 

+ / g^(^-r)X,,/^(?^^9le^-7^le^a2^)(r)dr 
Jo 

From the Strichartz-type estimate (jS.Sp . we know that for every a g]2, oo[ 
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Applying the Minkowski inequality and again ()3.3p to we infer that for every a € 
]2,oo[ and T > 0, 



2||l2([0,T];L= 



< 



< 



i[o,*](T)||a^(t - r)ir,R{n^e^ ■ ve^)(r)||i.dT 
{J' ||g^(^-T)x,,«(7^^e^•VG^)(r)||i.d^)'^'dT 



|L2 



dr. 



(4.8) 



2 

^3/2- 



From Bernstein's inequality and the energy estimate (j4.3p . we further get 
||X,,fi(7^^Q^ • VQ^)||,.i([o,T];L2(R2)) < i^2||(7^^G^)Q^||,.l([o,T];Ll 

;i -ft ll*-" IIl°°([0,T];L2 

<i?2r||0~o||2,exp{^ 
Thus we have 

l|r2||L2([0,r];L<^(R2)) ^r,R,(7 ""^^H 6^0 1|^2 exp | ||^0 ||^3/2-q | ■ 

For Fs, similarly as above, especially from Bernstein's inequality in X2-variable and the 
Calderon-Zygmund theorem, we infer that for every a e]2, oo[ and T > 0, 



Y 



|r3||L2([o,T];L-(R2)) < A'Tei^- \\Ir,R{{ne)d,e'' - (7^lQ^)a20")||Ll([o,T];L2 



IG^' 



Il°°([0,T];L2(k2)) 

Hence, gathering the upper estimates leads to the expected estimate ()4.7p . 



Il1([0,T];L2.^%2) 



< A T^(^-|)i?ir||^||i^([o,T];L2 



'oIIl2||'9o||l2 exp ||6'o||^3/2-c 



□ 



5. Proof of Theorem 11.41 

Now we show the global existence of d"^ as stated in Theorem ll.4[ If we only consider 
the equation (jl.ip to get the H^~°' estimates of 9"^, due to the estimation (jl.4p . it seems 
impossible to derive an estimate global in time unless the data small enough (just 

as Proposition II. ip . Thus we shall adopt an idea from [6], that is, to subtract from the 
equation (jl.ip the solution 9^ of the linear equation (jl.7p (or its main part Ir,R9^ with 
Ir R defined in (j4.6p ). Roughly speaking, since from the Strichartz-type estimate (jS.Sp . 
9^ can be sufficiently small for A large enough, thus the equation of 9^ — 9^ will have 
small initial data and small forcing terms, and we can hope to get the global existence 
result. 

More precisely, we first introduce 9^ = Ir,R9'^ as the main part of 9^ which solves 
the following equation 

dt9^ + v\D\^~9i + ATZi9i = 0, ~9i\t=o = Xr.ij^o, (5.1) 
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and since Xr,_R^o strongly converges to iii H'^^°'(M?) as r tends to and R tends to 
oo, the difference 9^ — 9^ is globally defined and can be made arbitrarily small in the 
functional spaces stated in Theorem 11.41 Hence, in the sequel we shall focus on the 
difference rj^ = 6^ — 9^ with r small enough and R large enough chosen later, and we 
shall be devoted to show the global existence of r]^. The corresponding equation can 
be written as 

A (5.2) 

T]%=0 = {U-Ir,R)9o. 

with the forcing term 

Fi^"", ei) ^ -{T^^ei) ■ V9i - (n^r^^) ■ V9t (5.3) 

Note that for brevity, we have omitted the dependence of r, R in the notation of r]^ 
and 9^. 

5.1. A priori estimates. In this subsection, we mainly care about the a priori esti- 
mates. The main result is the following claim: for any smooth solution rf^ to (15. 2p and 
for every e > small enough, there exist three positive absolute constants ro,i?0;^o 
such that for every A> Aq, we have 

sup||77^Wll|.-.(^.) + ^ j^^ ||,^(t)||^,_.^^,^dt < e. (5.4) 

For every g G N, applying Ag to the equation ()5.2p and denoting r]^ = ^qi]^, Fq = AqF, 
we get 

dtvt + + M-^ivt) + in^v'') ■ V< + {n^9i) . Vrif = Fq{ri^, 9^), 

with 

F.iv^Ji) = -[A„7^^r?^] • Vr?^ - [Aq,n^9^] ■ Vr^^ + Fq{r^^,9^). 

Since rj^ is real-valued, we know that i]^ is also real-valued, thus taking inner 
product of the upper equation with rj^, and from the Bernstein inequality and the 
integration by parts, we obtain 

ld_ A 



i.+i.||p|t<(t)||i. = / Fq{r^^r0i)rii{t.x)dx 

<2-^^\\Fq{^^,9^){t)U2 2^t||<(t)||i2 

< Co2-^^\\Fqir^'',9^mL^ |||Z?|t<(t)||^2. 

From Young's inequality, we have 

Integrating in time leads to 

\\4ml. + i^\\\Dmf\\l,^, < ||^^(0)||i. + ^ f2~n\Fq{v^,0i){r)\\l2dT. 
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By multiplying both sides of the upper inequality by 2'^^(^~") and summing over all 
g G N, we get 

(~i ft (^•^) 

<^2^^(^-")|i<(o)iii. + ^ / (E2^^^''^^ii^.(^^^~^^)WiiiO^- 

Using Lemma 16.11 with s = 2 — a and /3 = ^ yields that 

E22'^(2-i")||[A„7e^(r/^ + 0;^)] . Vry^lli. (||^^f„._. + ||^~;^|| V^)||r/^||^.-. 



I6.2I -(1). we infer that 



and 



?6-3a||^A|l2 \\qA\\2 , ||^A||2 |||nlffl^||2 



|2 

r2-c« 


+ lll^l^ft 


32-a 
'2,2 


^2,2" 








^2,2 



2,2 



J;22^(2-i-)||A,(7^^e~;^ . vei)\\l, < i?^-^"||^~;:illi2||0~;^||L 

qeN 



Inserting the upper estimates to (jS.Sp , we obtain 

Y: 2'^^'--^ wvtmh + - E 2'^^'""^ II 1^1 ^<iii?L2 

^ .... . . ... r:. r* 

< 



^22«(2-)||<(0)||i2 +^ / (ll|I^|t^^(r)||5^._. + |||I?|te~;^(r)|||._.)||^^(r)|1^2, 
+ r (||^~;^(r)||i2 + ||r/^(r)||i2)||^~;^(r)||i.odr. 



(5.6) 

Now we consider the low-frequency part. Applying A_i to the equation (|5.2p . we have 



where 

By using the energy method, we obtain 

i|||A_ir?^(t)||i. +HI|Z?|tA_ir?^(t)||2, < ||A„iG(r?^, |||Z)|t A_i,7^(t)||^2. 

By virtue of the Young inequality, we have 
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Integrating in time yields that 

l|A-ir?^(t)|li. + HII^I^A_ir?^f^,^, < ||A_ir?^(0)||i. + ^ T ||A_iG(r?^,0~;^)(r)f .dr. 

* ^ Jo 

(5.7) 

From Lemma l6.2l -(2). we deduce that 

||A_l(7^V•Vry^)||^_. < Yl 2-'?"||A,(7^V • Vr?^)||i. 

-oo<(jr<0 
-oo<(jr<0 

and 

l|A_l(7^^0~;^. v^^)||2^_. +||A_l(7^V•ve~;^)|||_. < \\\D\fe^\\l4r,^\\l,. 

It is also obvious to see that 

Inserting the upper estimates into ()5.7p . we obtain 
||A_ir?^(t)||i.+HI|I)|tA_i^^||2,^, 

<||A_ir?^(0)||i. + ^ r (|||D|tr?^(r)||i. + |||Z)|f 0~;^(r)||i.) ||,?^(r)||i.dr (5,3) 



Cq, 



V 

t 



+ — / Il^~;^(r)|li2||0~;^(r)||i.„dr. 
Combining this estimate with (j5.6p leads to 

<||r?^(0)|||2-. + % /* (|||Z)|tr/^(r)|||2-. + |||D|f 0~;^(r)|||2-.) ||r?^(r)||^2-.dr 

" Q 2,2 2,2 2,2 



+ ^i?6-3a / (||0~;^(r)||i. + h^(r)||i.)||0;^(r)||i.dr. 



1/ 







From the fact that |1??'^||l^l2 < ||^mll-Li°°-L2 + H^^Hl^l^ < 2||^oIIl2, we moreover find 
that 

2.2 



ProoR2-a +u\\\D\2r]^f 2-, 



' 1/ (J 

+ -||r/^llio.^2-.|||I?|tr?^||2,^2-. + ^/?«-^"||eo|li2 /V~;^(r)||i.odr. 

^2,2 ^t^2,2 Jo 

Set 

rl-sup{t>0; < 
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due to ll^y'^lO)!! p2-Q = ||(Id— Ir,i?)^ollR2-a, and by the Lebesgue theorem, we can choose 
some small number r and large number R such that ||^/'^(0)|| ^2-^ ^ WT^ thus T\ > 

^2,2 " 

follows from that rj^ is a (continuous in time) smooth solution. Then, through the 
Strichartz-type estimate (j3.3p . we obtain that for every t G [0,T^[, 

11^ llLr4r + 2'" + V '^'^ MI^0|Il2 

ft 



+ - / lll^l^^';^(r)||^2-.||^^||i^^2-.dr. 

1/ Jq ^2,2 ^^2,2 



Gronwall's inequality yields that for every t G [0,T4[ 

A\\2 . '^iii 7-.i2L__Aii2 ^ r^oii/i ii2 1 /ii yl/^Mi2 , C'r 



where we have used the following fact that 



{t)\\„2-a + l^\\\D\ ^^'mllr2R2-c« < ||0o|L2-a < Cq 1 1 ^0 1 1 ^2-0 • 
^2,2 ^t-°2,2 ^2,2 



For every e > 0, we can further choose some small number r and large number R such 
that 

||(Id-2;,R)6'o|||2-cexp|--^||6io||^2-a| < 

where Co is the absolute constant from the relation f^^H/H^i^ — ll/llli''' — ^oII/IIbi^! 
Vs € M. For fixed r, R, we can choose A large enough so that 

Hence for every e > and for the appropriate r, R, A (i.e. rg, Ro, A > Aq), we have 

^2,2 On 



sup ||r?-(i)||^2-.+- / \\\D\2rj-(tW dt<—. 
te[o,TX[ 2,2 2 Jo -"2.2 Co 



Furthermore, for every e < ^7^, we have = 00 and 

sup Wv^ml^-. + - / |||D|try^(t)||5^2-.dt < -. 

igM+ ■«2,2 2 Jq ^2,2 Co 

Therefore (j5.4p follows. 

5.2. Uniqueness. For every r > 0, let and (9^ belon eing to 
L°°([0,T];i72-"(M2))nL2([0,r];if2-f (m2)) 

be two solutions to (jl.ip with the same initial data 6*0 G if2""/2(M2). Thus set 



A 



61 — and then the difference equation writes 
We use the L?' energy argument to get 
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From the following classical product estimate that for every divergence-free vector field 
/ G H'^{R'^) and g G H'^{R'^) with si, S2 < 1 and si + sa > -1, 

11/ ■ '^5llHn+''2-l(R2) <Si,S2 ll/llif^l(M2)||Vg'||j^S2(R2), 

we know that 

Thanks to the Young inequality, we further find 

±\\6e^\\l, + u\\6eY^. \M^m%-^¥0Hmh. (5.10) 

Gronwall's inequality yields 

wse^mh < iKiii^«^p{^ii^2^iii2([o,T];ii-f(R2))} ^ ii'^^oiii2exp{^ii^oii?,2-4. 

Hence the uniqueness is guaranteed. 

5.3. Global existence. From the Friedrich method, we consider the following approx- 
imate system 

r]t\t=o = Jk{U - Ir,R)0O, 

(5.11)^ 

where : i-^> J^L^, k G N is the projection operator such that Jkf = •^~^(lB(o,fc)(0/(0) 
and 9^ solving ()5.ip is the main part of 9^. Indeed the system ()5.1ip becomes an or- 
dinary differential equation on the space JfeL^ = {f £ L'^ : supp/ C B{0,k)} with the 
norm. Since 

and 

and \\JkiTl^9^ ■ V(9;^)||i2 < /c2||6'o||^2, we have that for every r,R> and A; G N, there 
exists a unique solution rj^ G C°°{[0,Tk[; J^L"^) to the system (|5.1ip . with > the 
maximal existence time. Moreover, from the energy method and in a similar way 
as obtaining (jS.lOp . we get 

^ll^fc Ilia ll^fc llL2||6'mll^2-f + ll^mllL2|l^mllj^2-f • 

Gronwall's inequality and the energy-type estimate of the linear equation (jl.7p yield 
that 

< eXp{Ciy||^o||_f/2-a}(|I^o|li2 + ||^o|li2||^o||/f2-a). 

Hence the classical continuation criterion ensures that Tk = oo and rj^ G C~(M+; J^L^) 
is a global solution to the system (jS.lip . This further guarantees the a priori estimate in 
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Section \57\] that is, we obtain that there exist positive absolute constants eg, r^, Ro,Aq 
independent of k such that for every < e < eq and A > Aq, 

sup llVkimm-. + ^ / \\rji{t)f ,_^dt < e. 

tm+ JR+ 

Based on this uniform estimate, it is not hard to show that (?7^)fcGN is a Cauchy sequence 
in C(M+; L^(M^)), and thus it converges strongly to a function r/^ G C(R+; L^(M^)). 
By a standard process, one can prove that rj^ solves the system ()5.2p and i]^ G 
L~(M+;i?2-"(M2)) p L'^{R+-H'^-'I(U?)). Moreover, from the proof in Section O 
and by replacing ||?7'^||^oo^2-a with ||f?'^||2;oo^2-Q in (|5.9p . one indeed can prove that 

r/^ G L°°{R+;B^~2°'{R'^)), and this implies that r]^ G C{R+; H^-'^{R'^)). Finally, let 
qA _ _^ qA^^ then for A large enough 0^ be the unique solution to the dispersive 
dissipative QG equation p.ip . and as ^ — > oo, r — > 0, — > oo and e — )■ one-by-one, 
we get the expected convergence (|1.8p . 

6. Appendix 

We first consider some commutator estimates. 

Lemma 6.1. Let v = (wi,-- - ,Vn) be a smooth divergence- free vector field over M" 
and f be a smooth scalar function o/M". Then for every g G N, /? G]0, 1 -|- ^[ and 
s g]/3 — 1 — ^,1 + there exists a positive absolute constant C depending only on 
I3,s,n such that 

where (cg)ggN satisfies X]geN('^'?)^ — 1- particular, if n = 2 and v = TZ^f, we also 
have that for every /3 > and s > (3 — 1 — ^, 

with (cg)ggN satisfying Y^qeni^of ^ 1- 

Proof of Lemma \6.1\ From Bony's decomposition we have 

|fc-(j|<4 |A:-g|<4 fc>(j-3 

^ I, + II, + Illg. 

For Ig, by virtue of the expression A, = hq{-)* = 2«"/i(2''-)* with h = 7""^^) G 
we get 

2'^^'"^^||I,||l2 <2'?(^-« \\xh,\\L4'^Sk-iv\\Loo\\VAkfh2 

\k-q\<4: 

< ^ 2'?(-'3-i)2fc(i-) ^ 2'=i''2'=i(i+t-«||Afe,t;||i2(2^'«||A,,/||i2) 

A:-ij|<4 -oo<fci<fc-2 

^II/IIbi, E 2(^'-'^)/^2^'^(i+t-^)||A,,.||^2 

— oo<fci<(j'+2 
^2,2 
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with (cq)ggN satisfying Ylqeni^o)'^ — ^- ^'^^ ^^i^ directly obtain that for every 

n 
2 

2«(^-/^) 1111,1^2 < 25(^-^) \\^kv\\L4^Sk-lf\\Loo 

\k-q\<4:;keN 

|A:-g|<4;fceN fci<fc-2 

< ||^;||^,+ n_, Y 2('=-'')(i+t-)(2'=i^||A,J|U.) 

^■^ ki<q+2 



^2.2 



In particular, when n = 2 and v = TZ-^f, using the C alder on- Zygmund theorem we get 

|fc-g|<4;fcGN 

< Y 2'=^||Afe/||^.2-^^ Y 2^^/'2^^(i+t-/')||A,J|U. 

|fc-(j|<4;fcGN -oo<A;i<fe-2 

~ Cgll/ll l+«_/3||/||s|2- 

From the divergence-free property of v, we further decompose Illg as follows 
Illg = Y [^'^?' ^kVi]Akf + [Ag, A.iv] ■ VA_i/ ^ ml + 

k>q-3;keN;i 

For III^, from direct computation we find that 

2<?(^-^) \\ml\\L2 < 2<?(^-^) ( Y \\diAgiAkViAML2 + Y ll^fe^ • VA,Afe/||^.) 

fc>g-3;fceN;j |fc-y|<2;fceN 

<2.(-/3)(^2^(i+t) ^ ||A,^;||^2||A,/|U2+ 2'=t||Afe^;||^22^||A,/|U2) 

fc>g-3;fceN |A;-ij|<2;A;eN 

^ ll/ll^l,. E 2M(-^+i+i)2^(i+t-/3)||A,^||^. + ||t;||^.,._,2''^||A,/||^. 

k>q-3;ken ^'^ 

~ Cq\\v\\.l+!^-4f\\BI^- 

^2,2 

For III^, due to that III^ = for all q > 3, and similarly as estimating Iq we obtain 
2«(^-^)||IIl2||^2 < l,e{o,l,2}||a;MlLl||VA_l^;b^||A_l/||^2 

^Wi,2} E 2^^/^2^^(1+1-/5) II A,,.|U2||/|U2 

-oo<fci<0 

^ lgG{0,l,2} ll'^^ll pl+f -/5 ll/ll-BI 2- 

-°2,2 

Gathering the upper estimates leads to the expected results. □ 
We also treat some product estimates. 

Lemma 6.2. Let v be a smooth divergence-free vector field over M" and f be a smooth 

scalar function of M" . Then, 
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(1) if f satisfies supp/ C : |^| < R}, a positive absolute constant C can be found 
such that for every g € N, /3 g]0, |[ and s > /3 - 1 - |, 

2'^^'-^^\\A,{v-Vf)h2<CR'+'-^c,\\vh2\\f\\L^+Cc,\\v\\B^ (6.1) 



2,2 "■' " R""'"^" 
-°2.2 



with (cg)ggN satisfying '^geni^q) — ^- Especially, if n = 2 and v = TZ f , 



we 



further have that for all /3, s satisfying s + 1 — /3 > 0, 

2'?(^-/')||A,(t;.V/)||i2 <Ci?i+«-%||/b2|I/boo, (6.2) 

with (cq)g6N satisfying Y.qm^^i)'^ - ^■ 
(2) for every q € U {0}, /3 g]0, i/iere exists a positive absolute constant C 
such that 

\\^q{v ■ V/)|U2 < C2''(i+?-^)|||I)|^||,.2||/||,.2, (6.3) 

and 

||A,(t;-V/)b2 <C2^(i+t-'')||t;||i2|||Z?|^/||i2. (6.4) 

Proof of Lemma \6.2l (1) We first prove (j6.ip . Thanks to Sony's decomposition, we 
have 

Ag{v-Vf)= J2 Ag(5fc_it; • VAfc/) + ^ A,(Afcr; • V5fe_i/) + ^ V • A,(Afer;Afc/) 

|fe-g|<4 |A;-g|<4 fc>(j-3 

II, + Illq. 

For Iq, from the support property of /, we have 

2'^^'-^^\Iq\\v2 < 2^(^-^) \\Sk-ivh22''\\A,fU^ < R'+'-^cMMl-, 

'c-<?l<4;2*<R 

with (cq)ggN satisfying Ylg^f^icq)'^ < 1. For the other two terms, in a similar and simpler 
way as the treatment of 11^ and III^, we obtain that 

2l^'^-^^\\IIg+IIIq\y<Cq\\v\\BsJf\\^,+ ^.,. 

Next we treat ([ES]). Since supptTVf C : |C| < 2R}, we find 

2'?(-^)||A,(t;. V/)||i2 < l{,;2.<fl}2^(^-^+^)||A,(^;/)|j^2 

<l{q.,2^<R}R'-^^'\\f\\L4f\\L-, 

and it clearly implies (|6.2p . 

(2) We then prove (16. 3p . We also have the decomposition 

A,(^;-V/)= Yl A,(5fc_it; • VAfc/) + ^ A,(Afcr; • V^fe^i/) + ^ V ■ Aq{AkvAkf) 

|A;-q|<4 |fc-g|<4 fc>(j-3 



A 



L + I la + 
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For iq, we directly have 

II4IIl2< \\Sk-lv\\L^2''\\Akf\\L2 
fc-(j|<4 

\k-q\<4: -oo<fci<fe-2 

<2'^M-^mDfvh4f\\L^ 
For //g, from Bernstein's inequality we similarly get 

|fc-g|<4 

We treat Illq as follows, 

||/i/,||^2< E 2'^(i+t)||Afc^;||^2||Afc/||i2 

fc>i3-3 

<2,(i+t) ^ 2-'=/^2'=/^||A,^||^. 11/11^. 

A;>ij-3 

<2^(^+t-«|||D|^b.||/llL- 

Collecting the upper estimates yields (j6.3p . The proof of (16.41) is almost identical to 
the above process, and we omit it. 

□ 
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